Abstract. In this work, we consider a specific space of foliations with C 1 leaves and Hölder holonomies of the square M = [0, 1] 2 , with some topology and we show that a generic such foliation is not absolutely continuous, furthermore, the conditional measures defined by Rokhlin disintegration are Dirac measures on the leaves. This space of foliations is motivated by the foliations that appear in hyperbolic systems and partially hyperbolic systems.
Introduction
In dynamical systems, an important aspect for the study of ergodicity is the regularity of the invariant foliations for the system. A continuous foliation with C r leaves is a partition F of a manifold M (with dimension d ≥ 2) into C r submanifolds of dimension k, for some 0 < k < d and 1 ≤ r ≤ ∞, such that for every p ∈ M , there exists a continuous local chart with Φ(0, 0) = p and such that the restriction of every horizontal B k 1 × {η} is a C r embedding depending continuously on η and whose image is contained in some F-leaf.
The image of such a chart Φ is a foliation box and Φ(B k 1 × {η}) are the corresponding local leaves. We say that a foliation F is absolutely continuous if given any pair of smooth transversals to the foliation τ 1 and τ 2 , the F-holonomy h F is absolutely continuous with respect to the induced Riemannian measures in the transversals λ τ 1 and λ τ 2 . In section 2 we give more details about the different definitions of the absolute continuity of foliations.
In 1967, Anosov [1] prove that a transitive Anosov diffeomorphism of class C 2 that preserves the volume is ergodic (using the classic Hopf's argument). To prove this, an important step was to prove that the stable and unstable foliations are absolutely continuous. Recall that a diffeomorphism f of class C r with r ≥ 1 is an Anosov diffeomorphism if there exists a Df -invariant splitting of the tangent bundle T M = E s ⊕ E u and a Riemannian metric on M such that the vector in E s are uniformly contracted by Df and the vectors in E u are uniformly expanded. After the work of Anosov, this result was generalized to Anosov diffeomorphisms of class C 1+α (a proof of this can be found in [8] ). A few years later, Pugh and Shub in 1972 [11] and Brin with Pesin in 1974 [5] proved that if f : M → M is a partially hyperbolic diffeomorphism of class C 1+α , then the stable and unstable foliations are absolutely continuous. Recall that a diffeomorphism f of class C r with r ≥ 1 is a partially hyperbolic diffeomorphism if there exists a Df -invariant splitting of the tangent bundle T M = E s ⊕ E c ⊕ E u and a Riemannian metric on M such that the vector in E s are uniformly contracted by Df , the vectors in E u are uniformly expanded and we have an intermediate behaviour for the vectors in E c . Besides, in the year 1976, Pesin [10] proved that for non-uniformly hyperbolic diffeomorphisms of class C 1+α , the stable and unstable foliations are absolutely continuous. For more details of the definition of these diffeomorphisms, see [4] .
With all of this, a natural question was considering a diffeomorphism of class C 1 and ask if the stable and unstable foliations are absolutely continuous, but Robinson and Young in 1980 [13] constructed a C 1 Anosov diffeomorphism in T 2 such that the stable and unstable foliations are non-absolutely continuous.
In another direction, many authors have studied the absolute continuity of the central foliation of a partially hyperbolic diffeomorphism. Shub [15] proved that if g ∈ U , then the foliation F c g are absolutely singular, this mean that the conditional measures defined by the Rokhlin disintegration are atomic. Later in 2003, Baraviera and Bonatti [3] considered a compact Riemannian manifold endowed with a C 2 -volume form ω, a C 1 Anosov flow X : R × M → M that preserves the volume ω, and f the time-one map of X (that is a C 1 partially hyperbolic diffeomorphism), then for all g inside an open set C 1 -close to f , F c g and any leaf L c of F c g , the set of points of L c having positive Lyapunov exponents has Lebesgue measure 0 in L c , and this implies that F c g is non-absolutely continuous with respect to Lebesgue for any ω-preserving g close to f such that
In 2007, Hirayama and Pesin [7] find sufficient conditions to obtain a non-absolutely continuous central foliation. In this case, they considered a C 2 partially hyperbolic diffeomorphism f in a Riemannian compact manifold that preserves a smooth measure µ such that (1) the central distribution E c is integrable to a foliation F c with smooth compact leaves; (2) f has negative (positive) central exponents. 
and there is no other eigenvalue of absolute value of J 2 , then there exist an open set of volume preserving diffeomorphisms U , C 1 arbitrarily close to T A , such that for any f ∈ U , the weak unstable foliation of f , F 2 is non-absolutely continuous. Another result about pathological foliations is given by Gogolev in 2012 [6] where he showed that for a large set of volume preserving partially hyperbolic diffeomorphisms of the T 3 with non-compact central leaves, the central foliation is non-absolutely continuous. Also, Viana and Yang in 2013 [19] proved that for any small C 1 -neighborhood W of the C k partially hyperbolic diffeomorphism f 0 = g 0 × id with k > 1 in the space of volume preserving diffeomorphisms of N = M × S 1 , where g 0 is Anosov transitive diffeomorphism in a compact manifold M ,
is the integrated center Lyapunov exponent of f relative to the Lebesgue measure; (2) if f ∈ W and λ c (f ) > 0 (λ c (f ) < 0) then the center foliation and the center stable (unstable) foliation are not absolutely continuous; (3) there exists a non-empty
Finally, the last result that we will mention was made by Ávila, Viana and Wilkinson [2] , where they proved that for a volume-preserving perturbation C 1 -close of the time-one map of the geodesic flow of a compact surface with negative curvature, the Liouville measure has Lebesgue disintegration along the center foliation, or the disintegration is necessarily atomic.
To sum up, it is important to mention that all of these results consider foliations which are given directly by the dynamics of some diffeomorphism and obtain that generically they are not absolutely continuous. In the literature, this fact is called "pathological foliations" or "Fubini nightmare", for example, in the work of Milnor [9] . However, Milnor mentioned that Yorke did a similar construction, based on tent maps.
The goal of this paper is to show that in the absence of enough regularity, a generic foliation (not necessarily of dynamical origin) is non-absolutely continuous. For this purpose we are considering an abstract space of foliations, so let M = [0, 1] 2 and µ the Lebesgue measure in M . Now let us define the space of foliations F (C,β) : Let C > 1, 0 ≤ α < β < 1 and consider the functions f : M → R such that:
f is C 1 uniformly in the first variable, (1.1) For the last condition, we mean that for all x ∈ [0, 1] and y 1 , y 2 ∈ [0, 1], with
Denote F (C,β) the set of these functions, and note that each f ∈ F (C,β) represents a foliation of M , i.e., for each f ∈ F (C,β) , the graph of the function f (·, y) :
represent a leaf of this foliation, for every y ∈ [0, 1]. This allows us to define a "metric between foliations": for f, g ∈ F (C,β) , define the metric
where Remark 1. In general, for a C 1 Anosov diffeomorphism or partially hyperbolic diffeomorphism, the stable and unstable foliations are Hölder continuous with C 1 leaves, the same type as the foliations defined in this paper. The same occurs for the center foliations of C r partially hyperbolic diffeomorphisms, with r ≥ 1.
An important aspect is that given f ∈ F (C,β) , we can define a partition P f of [0, 1] 2 , where each element of the partition P f is the graph of f (·, y), for each y ∈ [0, 1], i.e., P ∈ P f if and only if P = {f (x, y) :
for some y ∈ [0, 1]. Furthermore, this partition P f is measurable (in section 2 we give more details), so for almost every P ∈ P f , there exist a probability measure µ P (called conditional measure) supported in P . With all of this, we can enunciate the main theorem: Theorem 1.1. There exists a residual set R ⊆ F (C,β) such that for all f ∈ R, the foliation P f is non-absolutely continuous. Furthermore, for f ∈ R andμ-a.e. P ∈ P f , µ P is mono-atomic, where µ P is the conditional measure relative to P . In section 2 we define the disintegration of a measure, we mentioned the Rokhlin's disintegration theorem, we define the different notions about the absolute continuity of foliations and discuss some properties that relate the absolute continuity of a foliation with the conditional measures defined by the Rokhlin's disintegration. In section 3 we show that the space of foliations is a complete metric space, so the countable intersetion of open and dense sets are dense. In section 4 we define sets A n,m,I that are open, then the sets B m,I = n∈N A n,m,I they are also open, and we show that the sets B m,I are dense, which is the main proposition in this paper. In section 5 we show the proof of the Theorem 1.1 and some important remarks.
Rokhlin's disintegration and absolute continuity of foliations
In this section we are going to recall the classic result of Rokhlin. Let M be a separable complete metric space, µ a Borel measure on M and P a partition of M . Denote by π : M → P the natural projection that associates to each point x ∈ M , the element P (x) of the partition containing x. We say that Q ⊂ P is measurable if
is a measurable subset of M . It is easy to see that the familyB of the measurable sets is a σ-álgebra in P. With this, define the quotient measurê
Definition 2.1. We say that µ has a disintegration relative to a partition P if there exists a family {µ P : P ∈ P} of probabilities in M such that for all measurable set E ⊂ M :
(1) µ P (P ) = 1, forμ-a.e. P ∈ P.
(2) The map P → µ P (E) is measurable.
Such probabilities µ P are called conditional measures (probabilities) of µ relative to P.
Proposition 2.2. [14]
Suppose that the σ-algebra B admits some countable generator. If {µ P : P ∈ P} and {ν P : P ∈ P} are two disintegrations for µ with respect to P, then µ P = ν P , forμ-a.e. P ∈ P.
Definition 2.3. We say that P is a measurable partition if there exists a measurable set M 0 ⊂ M with full measure such that, restrict to M 0 ,
for some increasing sequence P 1 ≺ P 2 ≺ . . . ≺ P n ≺ . . . of countable partitions.
Remember that P i ≺ P i+1 means that every element of P i+1 is contained in some element of P i . The elements P ∈ P are non-empty intersections of the form P = ∩ ∞ n=1 P n , where P n ∈ P n , for all n ∈ N. Theorem 2.4 (Rokhlin's Disintegration). Suppose that M is a separable complete space, µ a probability measure and P is a measurable partition, then µ has a disintegration with respect to P.
For more details, see [18] .
Observation 2.5. In the proof of Rokhlin's Disintegration Theorem, we have the explicit definition of the conditional measures: For almost everyl P ∈ P and P n ∈ P n such that P = ∩ ∞ n=1 P n , then
Now we are going to discuss some definitions and results of the absolute continuity of foliations. Definition 2.6. We say that a foliation F is absolutely continuous if given any pair of smooth transversals to the foliation τ 1 and τ 2 , the F-holonomy h F is absolutely continuous with respect to the induced Riemannian measures in the transversals λ τ 1 and λ τ 2 , meaning that if A ⊂ τ 1 and
Definition 2.7. We say that a foliation F is:
(1) Leafwise absolutely continuous I if for any zero-set A and for m-a.e. p, λ Fp (A) = 0. Another important lemma is the following:
Lemma 2.9. F is leafwise absolutely continuous III if there exists a transverse local foliation T to F such that T is absolutely continuous, and such that the F-holonomy between almost every pair of T -leaves is absolutely continuous.
This lemma implies an important corollary, that assures us the non-absolutely continuity of generic foliations in the result of this paper.
Corollary 2.10. If F is absolutely continuous, then F is leafwise absolutely continuous III.
For more details of these definitions and results see [12] .
3. The space of foliations F (C,β) Observation 3.1.
(
The first thing is to have a convenient topology for the space F (C,β) .
Proof. In first instance, we are going to prove that (F (C,α) , d α (·, ·)) is a complete metric space, and then prove that F (C,β) is a closed subspace of F (C,α) . Let {f n } ⊆ F (C,α) be a Cauchy sequence. So, for all ε > 0, there exists n 0 ∈ N such that for all n, m ≥ n 0 ,
Since {f n } , ∂f n ∂x are Cauchy sequences, this implies that f n → f and ∂f n ∂x → ∂f ∂x in the C 0 topology, for some f . Now, considering the fact that the space of functions
we have something similar. Thus, f n → f in the d α topology and f ∈ F (C,α) , so, F (C,α) is a complete metric space. The final step is prove that F (C,β) is closed in F (C,α) in the d α -topology. For this, take {f n } ⊂ F (C,β) such that f n → f in the d α -topology. Now, the only thing to check is that f is (C, β)-bi-Hölder in the second variable. If f n → f in the d α -topology, then for all ε > 0, there exists N ∈ N such that for n ≥ N ,
In the last term, we have that h f 0,x − h fn 0,x α < ε, and this implies that
Since a complete metric space is a Baire space, we have that F (C,β) is a Baire space, so the countable intersection of open and dense sets are dense, and such a set is called a residual.
Main Proposition
Observe that if we consider f ∈ F (C,β) and n ∈ N, then we can define (finite) partitions P f,n for M : P i ∈ P f,n if and only if
where i = 0, . . . , 2 n − 1. So, for each f ∈ F (C,β) , we can define measurable partitions for M :
Define the sets A n,m,I :
Clearly, A n,m,I are open, so we can define the sets B m,I = n∈N A n,m,I . Lemma 4.2. There exists f 2 ∈ F (C,β) such that f 2 is C 2 in the second variable and
Proof. The first thing to do is extend f in the second variable; for this, take any r > 0 such that
and C r ∂f ∂x ≤ ξ/12, where C r (h) = sup |x−y|<r {|h(x) − h(y)|}, and define the function
With this function, we can define a function C 2 in the second variable through the convolution, such that is close to f in the d α -topology: let φ r : R → R + a bump function such that φ r (x) = 0, for all x / ∈ (−r, r) and R φ r (t)dt = 1, so define
In fact, f 2 ∈ F (C,β) : if y 1 , y 2 ∈ [0, 1] with y 2 > y 1 , then
It is the same to see that |f 2 (x,
, and the other conditions are trivial, thus f 2 ∈ F (C,β) . Now, we have to check that d α (f 2 , f ) < ξ/3.
So,
Therefore, h
, then
To sum up,
Until now we have defined a function f 2 , which is C 2 in the second variable, in particular, f 2 is bi-Lipschitz in the second variable, i.e., there exists a constant
there exists a function f 3 such that f 3 ∈ F (Cε,β) for some C ε < C and d α (f 3 , f 2 ) < ξ/3.
Proof. Let ε > 0, C ε = max{C(1 − ε) + ε, C/(1 − ε + Cε)} < C and define f 3 as an interpolation between f 2 and the identity in the second variable:
In fact, f 3 ∈ F (Cε,β) : if y 1 , y 2 ∈ [0, 1] with y 2 > y 1 , then
In a similar way, we can see that |f 3 (x,
The other conditions are trivial, so, f 3 ∈ F (Cε,β) . Now, we have to check that
and
For the next condition, notice that h
So, h
, notice that the equality f 3 (x, y
To sum up, all of this implies that
Note that f 3 is also a C 2 function in the second variable, in particular, f 3 is biLipschitz in the second variable, this means that there exists a constant
Now we are able to define perturbationsf =f (δ 1 , δ 2 , n) of f 3 : for δ 1 , δ 2 > 0 small and n ∈ N large enough, let
Now define the perturbation for all a ∈ {0, . . . , 2 n−1 − 1}. The central curve off in 2a 2 n , 2a + 2 2 n is:
With this, we can definef entirely as an interpolation: for y ∈ 2a 2 n ,
Then, for all a ∈ {0, . . . , 2 n − 1} and y ∈ 2a 2 n ,
Lemma 4.4. If δ 1 , δ 2 , n satisfy the following conditions:
(1)
, where L 3 is a Lipschitz constant of f 3 and f −1 3 in the second variable and K 3 is a Lipschitz constant of ∂f 3 ∂x with respect to y;
thenf ∈ F (C,β) and
Proof.
(1) Clearly,f is C 1 in the first variable.
We have the same for y 1 , y 2 ∈ 2a + 1 2 n ,
2a + 2 2 n and using the fact that a
So we have two cases: if a 2 = a 1 + 1, then
and this implies that for all
2a + 2 2 n and using the fact that
With all of this, f ∈ F (C,β) . Now we have to check that d α (f , f 3 ) < ξ/3.
(1) We are going to estimate f − f 3 C 0 . If y ∈ [0, 1], there exists a = 0, . . . , 2
(2) We are going to estimate ∂f ∂x − ∂f 3 ∂x
Same for y ∈ 2a + 1 2 n , 2a + 2 2 n . So,
(3) We are going to estimate hf 0,x − h
and if y ∈ 2a + 1 2 n , 2a + 2 2 n , then
In the first case, if
For the last case, note that g x, 2a 2 n = 0, for all a ∈ {0, 1, . . . , 2 n − 1}, so if y 1 ∈ 2a 2 n , 2a + 2 2 n and y 2 ∈ 2a 2 2 n ,
Finally, we have that hf 0,x − h
(4) For simplicity, define g(x, y) :=f (x, ·)
In a first case, take y 1 , y 2 ∈ f x, 2a + 1 2 n ,f x, 2a + 2 2 n and note that
This implies that
Finally, we have that hf x,0 − h
, and all of this implies that
where µ 1 is the Lebesgue measure in [0, 1], thenf ∈ B m,I .
Proof. Let define the sets
(1) First we have
Now,
(2) Let define C 2 = P 2 \ (P 2 ∩Ĩ), then µ(C 2 ) µ(P 2 ) = 1 − µ(P 2 ∩Ĩ) µ(P 2 ) .
So, if we want that µ(P 2 ∩Ĩ) µ(P 2 ) > 1 − 1 m , is enough to see that µ(C 2 ) µ(P 2 ) < 1 m .
First, we have
2 n−1 (3δ 1 + δ 2 (1 − µ 1 (I) − 3δ 1 )).
Now,
Therefore,f ∈ B m,I .
To sum up, given δ 1 , δ 2 > 0 satisfying the hypothesis of Lemma 4.5, there exists n ∈ N satisfying the hypothesis of Proof. Let f ∈ R, then for all m ∈ N, for all I = [b 1 , b 2 ] with b 1 , b 2 ∈ Q, there exist n ∈ N such that µ(P n ∩Ĩ) µ(P n ) < 1 m or µ(P n ∩Ĩ) µ(P n ) > 1 − 1 m , whereĨ = I × [0, 1] and P n ∈ P f,n . This implies that µ(P n ∩Ĩ) µ(P n ) : n ∈ N has 0 or 1 as an accumulation point. If µ P (Ĩ) = lim n→∞ µ(P n ∩Ĩ) µ(P n ) .
exists, then it has to be 0 or 1. But by the observation after Rokhlin's theorem, for µ-a.e. P ∈ P f , µ P (Ĩ) = lim n→∞ µ(P n ∩Ĩ) µ(P n ) .
So, forμ-a.e. P ∈ P f , µ P (Ĩ) = 0 or 1. Note that if P is a leaf of the foliation P f , P = f ([0, 1] × {y P }), for some y P ∈ [0, 1]. So, the last statement says that µ y P (Ĩ) = 0 or 1, for µ 1 -a.e. Since x 1 ∈ I 1 , x 2 ∈ I 2 and x 1 , x 2 ∈ supp(µ), then µ(I 1 ), µ(I 2 ) > 0. So, for the condition of µ we have that µ(I 1 ) = µ(I 2 ) = 1 and I 1 ∩ I 2 = ∅, a contradiction.
With this lemma, define the projection in the first variable π 1 : M → [0, 1] and the measureμ P (A) := (π 1 ) * µ y P (A) = µ y P (π 1 (I)) = µ y P (Ĩ) = 0 or 1. But for the lemma we have thatμ y P = δ x P , for some x P ∈ [0, 1].
Finally, since supp(µ y P ) ⊂ P and (π 1 ) * µ y P = δ x P , we have µ y P = δ (x P ,f (x P ,y P )) , for µ-a.e. P ∈ P f . Remark 3. The result could be extended to other spaces of foliations on the torus, in higher dimensions, etc.
